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I. INTRODUCTION 
In what follows, we assume that our graphs are finite without loops or 
multiple edges. We define w(G) to be the size of the largest complete 
subgraph of G, and y(G) to be the vertex coloring number of G. We say that 
G has property P if either G nor G (the complement of G) contains an odd 
chordless cycle of length at least five as an induced subgraph. 
Berge defined a graph G to be perfect if o(H) = y(H) for all induced 
subgraphs H of G. He then made the following conjecture, which has never 
been proved. 
Strong Perfect Graph Conjecture. A graph G is perfect if and only if G 
has property P. 
We define a graph G to be critical if G is not perfect but all proper 
induced subgraphs of G are perfect. In 1972, Lovisz [3] proved that G is 
perfect if and only if G is perfect (the Weak Perfect Graph Conjecture of 
Berge.) He did this by showing that G is perfect if and only if /HI < 
o(H) w(Z2) for all induced subgraphs H of G. From this it follows that if G 
is critical, then ] G ] = w(G) w(G) + 1. 
In 1974, Padberg proved the following theorem (see 141). 
THEOREM 1 (Padberg). A critical graph G with n vertices has exactly n 
cliques of size w(G) with each verte x in w(G) maximal cliques and has 
exactly n independent sets of size w(G) with each vertex in w(G) maximal 
independent sets of G. Each maximal clique of G intersects all but one 
maximal independent set of G and vice versa. 
Tucker has proved the following two results (see [5,6]). 
THEOREM 2 (Tucker). Zf G is planar and G has property P, then G is 
perfect. 
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THEOREM 3 (Tucker). If w(G) = 3 and G has property P, then G is 
perfect. 
We remark that if w(G) = 2 and G has property P, then G is bipartite. 
hence perfect. 
In this paper we shall prove that if G is toroidal (i.e., embeddable in the 
torus) and G has property P, then G is perfect. 
2. PROOF OF THE RESULT 
In characterizing critical toroidal graphs G, we can assume that w(G) 2 4, 
by Theorem 3. The following two lemmas show that in fact we can assume 
that o(G) = 4. 
LEMMA 1. In a critical graph G, if there exists a vertex of degree at 
most six, then w(G) < 4. 
Sketch of prooJ The set of neighbors of a vertex in a. critical graph 
generates a subgraph which contains w(G) cliques of size w(G) - 1, but no 
cliques of size w(G) (see Theorem 1). No graph with fewer than seven 
vertices contains live cliques of size four, and no cliques of size live. Hence, 
o(G) < 4. 
LEMMA 2. In a critical toroidal graph G, either w(G) < 4, or G is 
regular of degree six and triangulates the torus. 
ProoJ Let bi be the number of vertices of degree i in G, and let ri be the 
number of regions with i edges. 
By a standard counting argument using Euler’s formula, we get 
4b, t 36, t 26, + 6, = 5 (i - 6) bi + CT (2j-6)r,. (“) 
i=7 ,?4 
If there exists a vertex of degree less than six, then by a similar argument 
to that used in Lemma 1, we must have w(G) < 4. 
If every vertex has degree at least six, then the left side of (*) is zero, so 
bi = 0 for i > 7, and rj = 0 for j >/ 4. This means that G is regular of degree 
six and triangulates the torus. 
We now state a theorem due to Altshuler which characterizes 
triangulations of the torus which are regular of degree six (see [ 1)). 
THEOREM 4 (Altschuler). Let G be a triangulation of the torus which is 
regular of degree six. Then G can be represented as in Fig. 1, where Q~,,~+ , is 
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identified with a,,, for i = 1, 2 ,..., r, and where Q,+ ,,) is identical with a,,j-,, 
where the second subscript is taken (mod s), and t isjlxed. This triangulation 
is denoted by T(r, s, t). 
Furthermore, s 2 3, r > 1, and if r < 2, then t f 0, s - 1 (mod s). Finally, 
1GI = i-s. 
We can now prove the following theorem. 
THEOREM 5. If G is toroidal and has property P, then G is perfect. 
Proof Assume that G is a toroidal critical graph. From Theorem 3, we 
may assume that o(G) > 4; so from Lemma 2, we may assume that G is 
regular of degree six and triangulates the torus. From Lemma 1 we get that 
w(G) = 4; so from Theorem 1 we get that every vertex is in four cliques of 
size four. 
Now assume that r > 3. Then the neighbors of u~,~ generate the graph H 
shown in Fig. 2, where not all adjacencies are shown at this point. Since 
r > 3, neither a3., nor u3,* is adjacent to either u1,2 or uiq3. Also, a,,, is not 
adjacent to aj,r, and a,,, is not adjacent to a2,3. 
Since a,,, must be in four cliques of size four and no cliques of size live, 
H must contain four triangles and no cliques of size four. It is easy to check 
that this implies that every vertex in H must be in at least one triangle. This 
implies that a,,, is adjacent to a,,!, for otherwise a,+, would be in no triangle 
in H. This implies that s = 2, which contradicts Theorem 4. 
If r = 3, then rs = ( G{ = 4w(@ + 1; so s must be odd, and since we may 
assume that w(G) > 4, from Theorem 3, then we may also assume that s > 7. 
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But then the vertices u,,~, for 1 < i < s, form an odd chordless cycle, which 
contradicts the fact that G is critical. 
Since 1 GI is odd, r # 2, so we may assume that r = 1. We may now drop 
the first subscript on all of the vertices. We have vertices u, , a,,..., a,, where 
a, is adjacent to ui if i - j E D = (i 1, ft, *(t + 1)}, where all arithmetic is 
modulo s. From Theorem 4, we know that t & 0, -1 (mod s), and since G is 
regular of degree six, t f 1 (mods). We may also assume without loss that 
l<t<s,-1. 
If t > 2, then (I, is not adjacent to u, or u,-, . Since a, must be in a clique 
of size four with a,, either a, is adjacent to u,~-,_, or arm., is adjacent to 
a, + 1. Figure 3 shows the neighbors of a,. 
So, either s - t - 2 or s - 2t - 1 is in D. Ifs - t - 2 is in D, then it equals 
either t or t + 1. However, since s is odd, we must have s - I - 2 = t + 1, or 
s = 2t + 3. In this case, we can multiply all subscripts by 2, since (2, s) = 1, 
and get that Ui and uj are adjacent if and only if i-j E D’ := {kl, f2, rt3). 
We will deal with this case at the end of this proof. 
If s - 2t - 1 is in D, then either s - 2t - 1 equals 1, 1, or t + 1. it cannot 
equal 1, for s is odd. If it eq,uals t, then s = 3t + 1. In this case, we can 
multiply all subscripts by 3, since (3, s) = 1, and get that Ui and Uj are 
adjacent if and only if i - j E D'. This is the same conclusion as before. If 
s - 2t - 1 = t $ 1, then s = 3t + 2, so we can multiply all subscripts by 3, 
and arrive at the same conclusion as before. 
If t = 2, we get the same conclusion again. So, we are left with the case 
that G has s vertices and that ui and uj are adjacent if and only if i - j E D’. 
We may assume that s > 17, since w(G) > 4, o(d) > 4. In this case, it is 
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easy to find an odd chordless cycle. If s = 4m + 1, then the cycle is given by 
the vertices a,, u3, ad, a,, a8 ,..., ad,,! x, ad,,-, a,,,~ ?, a,. This contradicts 
the fact that G is critical and completes the proof. 
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